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Abstract 

A method to obtain exphcit and complete topological solution of SU(2) 
Chern-Simons theory on 5*^ is developed. To this effect the necessary aspects 
of the theory of coloured-oriented braids and duality properties of conformal 
blocks for the correlators of SU{2)k Wess-Zumino conformal field theory are 
presented. A large class of representations of the generators of the groupoid 
of coloured-oriented braids are obtained. These provide a whole lot of new 
link invariants of which Jones polynomials are the simplest examples. These 
new invariants are explicitly calculated as illustrations for knots upto eight 
crossings and two-component multicoloured links upto seven crossings. 
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1. Introduction 

Topological quantum field theories provide a bridge between quantum 
physics on one hand and geometry and topology of low dimensional manifolds 
on the other^. The functional integral formulation of such quantum field 
theories provides a framework to study this relationship. In particular, a class 
of topological field theories which are related to knot theory have attracted a 
good deal of attention in recent times. This started with the seminal work of 
Witten who not only put the Jones polynomials^ in a field theoretic setting, 
but also presented a general field theoretic framework in which knot theory 
could be studied in an arbitrary three- manifold^. 

In SU{2) Chern-Simons gauge theory, the expectation value of Wilson 
link operators with doublet representation placed on all the component knots 
yields Jones polynomials. Two variable generalization of these polynomials, 
so called HOMFLY polynomials^, are obtained as the expectation value of 
Wilson link operators with dimensional representation on all the compo- 
nent knots in an SU{N) Chern-Simons theory. In fact Witten^ has shown 
that the expectation values of such link operators obey the same Alexander- 
Conway skein relation as those by Jones and HOMFLY polynomials respec- 
tively. These relations can be recursively solved to obtain these polynomials 
for an arbitrary link. Placing arbitrary representations on the component 
knots, corresponding generalizations of Alexander-Conway relations can also 
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be obtained^'^. But unfortunately these relations can not be solved recur- 
sively to obtain the link invariants. Therefore there is a need to develope 
methods which would allow direct calcuations of expectation values of Wil- 
son link operators with arbitrary representations living on the component 
knots. In refs.6, an attempt was made to develope one such method. This 
allowed us to obtain invariants for links that can be constructed from braids 
made of upto four strands. However, links related to braids with larger num- 
ber of strands still stayed elusive. Another interesting method based on the 
construction of knot operators has also been developed^. It allows readily 
calculation of invariants for torus knots in an elegant way. However, the 
scope of this method also appears to be limited and it cannot be applied to 
obtain invariants for other knots. 

In this paper we shall present a general and simple method of obtaining 
the expectation value for an arbitrary Wilson link operator in an SU{2) 
Chern-Simons gauge theory on S^. The method can be generahsed to other 
compact non-abelian gauge groups as well as to manifolds others than S^. 

The SU (2) Chern-Simons action is given by : 



where A is a matrix valued connection one-form of the gauge group SU{2). 
The topological operators of this topological field theory are given in terms 




(1.1) 
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of Wilson loop (knot) operators : 

^AC] = tTjPexpj^A (1.2) 

for an oriented knot C carrying spin j representation. These operators are 
independent of the metric of the three-manifold. For a link L made up of 
oriented component knots Ci, C2, . . . carrying spin ji, J2, ■■■3s representa- 
tions respectively, we have the Wilson link operator defined as 

W3.n-3s[L] = n W,^[Q] (1.3) 

We are interested in the functional averages of these operators : 

Vnj..,s[L] = JjdA]W,,,,..,ALy (1.4) 

Z = j^^[dAY'^ (1.5) 

Here both the integrand in the functional integrals as well as the measure are 
metric independent^. Therefore, these expectation values depend only on the 
isotopy type of the oriented link L and the set of representations ji, J2 ■ ■ ■js 
associated with the component knots. The partition function above is given 
by3: 

Z = ^j2/{k + 2) sin{n/{k + 2)). 

The method of calculating the functional averages (1.4) developed in the 
present paper makes use of two important ingredients : 
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(i) The first ingredient is the intimate relationship that Chern-Simons 
theory on a three-manifold with boundary has with corresponding Wess- 
Zumino conformal field theory on that boundary^'^'^. Consider a 3-manifold 
with a number of two dimensional boundaries ■ ■ -Yl^^'^- Each of 
these boundaries, X^*^'^ may have a number of Wilson lines carrying spins 

— 1,2,.... ending or beginning at some points (punctures) P/*' on 
them. Following Witten^, we associate with each boundary X^'-*-' a Hilbert 
space H^'^\ The Chern-Simons functional integral over such a three- manifold 
is then given as a state in the tensor product of these Hilbert spaces, (g)'' 7^^'^. 
The operator formalism developed in ref.7, gives an explicit representation 
of these states as well as determines the form of the inner products of vectors 
belonging to these Hilbert spaces. The conformal blocks of the SU (2)^ Wess- 
Zumino field theory on these boundaries X^*^*-* with punctures ^ = 1, 2, . . . 
carrying spins j)*^ determine the properties of the associated Hilbert spaces 

In fact, these provide a basis for these Hilbert spaces There are 

more than one possible basis. These different bases are related by duality of 
the correlators of the Wess-Zumino conformal field theory. We shall need to 
write down these duality matrices explicitly for our discussion here. 

(ii) The second input we shall need is the close connection knots and links 
have with braids. Theory of braids, first developed by Artin, is generally 
studied for identical strands^^'^^. What we need for our purpose here is 
instead a theory of coloured and oriented braids. The individual strands are 
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coloured by putting different SU{2) spins on tliem. Tlie necessary aspects 
of the theory of such braids will be developed here. In particular a theorem 
due to Birman^^ relating hnks to plats of braids will be restated for coloured- 
oriented braids. This theorem along with the duality properties of conformal 
blocks of correlators in SU{2)k Wess-Zumino conformal field theory on an 
S'^ then will allow us to present an explicit and complete solution of SU{2) 
Chern-Simons gauge theory on S^. Alternatively, a theorem due to Alexander 
relating closure of braids to hnks can also be stated for coloured-oriented 
braids. This theorem also provides an equivalent method of solving Chern- 
Simons gauge theory. 

The knot invariants have also been extensively studied from the point 
of view of exactly solvable models in statistical mechanics^^'^^. Wadati et 
al have exploited the intimate connection between exactly solvable lattice 
models with knot invariants to obtain a general method for constructing 
such invariant polynomials^^. Besides these, knot invariants have also been 
studied from the point of view of quantum groups^^. 

This paper is organised as follows. In section 2, we shall write down the 
duality matrices relating two convenient complete sets of conformal blocks 
for the SU{2)h Wess-Zumino conformal field theory on an with 2m 
2,3,.. .) punctures carrying arbitrary SU (2) spins. Next, in section 3, the 
required aspects of the theory of coloured-oriented braids will be developed. 
A theorem due to Birman^^ relating oriented links with plats will be restated 
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for plats of coloured-oriented braids. Alexander's theorem^^ relating closure 
of braids with oriented links can also be restated for coloured-oriented links. 
In section 4, a class of representations of the generators of braid groupoid 
will be presented. These ingredients then will allows us to write down the 
complete and exphcit solution of SU{2) Chern-Simons theory on S^. This 
will be presented in terms of a theorem which gives the expectation values of 
Wilson link operators (1.4) in terms of properties of the plat of a correspond- 
ing coloured-oriented braid. This main theorem and the sketch of its proof 
has already been announced in ref.17. Here we are presenting the details of 
the proof as well as discussing some other implication of the theorem. For 
example, a corresponding theorem which alternatively yields the link invari- 
ants in terms of closure of oriented-coloured braids will also be present in 
section 4. Next in section 5, we shall illustrate how the main theorem can 
be used to write down the link invariants. This we do by discussing a multi- 
coloured three component link, the Borromean rings. In section 6, a few 
concluding remarks will be made. Appendix I will contain explicit formulae 
for the duahty matrices in terms of g-Racah coefficients of SU{2)q needed in 
the main text. Invariants for knots upto eight crossings and multicoloured 
two component links upto seven crossings as given in the tables of Rolfsen^^ 
will be listed in Appendis II. 
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2. Duality of correlators in SU{2)k Wess-Zumino conformal field 
theory 

To develop the solution for SU{2) Chern-Simons theory on S^, we need 
to make use of duality properties'^ of correlators of SU{2)k Wess-Zumino 
conformal field theory on an S'^. We now hst these properties. 

Four-point correlators for primary fields with spins ji, j2j ja and j4 (such 
that these combine into an SU (2) singlet) can be represented in three equiv- 
alent ways. Two such ways are given by figs. 1(a) and (b). In the first, 
each of pairs of spins ji, j2 and js, j4 is combined into common spin j repre- 
sentations according to the fusion rules of the SU{2)k Wess-Zumino model. 
Then these two spin j representations combine to give singlets. For suffi- 
ciently large values of k, allowed values of j are those given by group the- 
ory: max(|ji - jal, lis - J4I) <j <niin(ji + js, js + jd- In the second equiv- 
alent representation for the four-point correlators spins (j2,j3) and (ji,j4) 
are first combined into common intermediate spin £ representation and then 
two spin i representations yield singlets, with max(|j2 — Jsl, |ji — J4I) < £ 
< mm{j2+ j3,ji+ Ja) for sufficiently large k. These two sets of hnearly 
independent but equivalent representations will be called (pj{jij2j3j4) and 
4''t{3i32333A) respectively. These are related to each other by duality : 

(t>j{3i32hk) = aje 



3i 32 
33 k 



(t>'i{3i32hk) 



(2.1) 
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where the duahty matrices aji 



are given^^'^^'^ in terms of ^-Racah 



Jl 32 

is 3i 

coefficients for SU{2)q. We have hsted these and some of their useful prop- 



erties exphcitly in Appendix 1. This fact that these two bases are related 
by gr-Racah coefficients is not surprising. The representation theory of for 
integrable representations of SU(2)fc Wess-Zumino field theory is the same as 
that of SU{2)q with the deformation parameter as g = exp{2'ni/{k + 2)). 

The duahty transformation (2.1) can be successively applied to obtain 
duality properties of higher correlators. In particular, we shall be interested 
in the two equivalent sets of correlators for 2m primary fields with spin 
assignments ji, j2, ■ ■ ■ J2m, 0(p;r-)(jij2 ■ ■ ■ 32m) and (f)[q.,){jij2 ■ ■ ■ 32m) as shown 
in figs. 2(a) and (b) respectively. Here indices (p) and (r) collectively represent 
the spins (poPi • • -Pm-i) and {rir^ . . . r^-a) on the internal lines respectively 
as shown in fig 2(a). Similarly, (g) = (go?i ■ ■ ■ qm-i) and (s) = (siS2 ■ ■ ■ Sm-s) 
in fig. 2(b). These two figures represent two equivalent ways of combining 
spins jl, j2 • • ■32m into singlets and are related by duality. This fact we now 
present in the form of a theorem : 

Theorem 1. The correlators for 2m primary fields with spins ji, ^2 ■ ■ ■ 
32m, {m > 2) in SU{2)k Wess-Zumino conformal field theory on an as 
shown in figs. 2 (a) and (b) are related to each other by 
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ip;r){jlj2 ■ ■ ■ j2m) — ^(p;r)iq;s) 



Jl 32 

h k 



4>[,.,s){3l32---32m) (2.2) 



J2m-1 32m 

where the duahty matrices are given as products of the basic duahty coeffi- 
cients for the four-point correlators (2.1) as 



a 



{p;r){q;s) 



31 32 
h 34 

32m-l 32m 



m-2 / 
tlt2---tm-2 i=l \ 



X 



m— 2 

n 



reqe+i 



Ti-l 32i+l 
32i+2 Ti 



te 32i+2 

32e+3 te+i 



at, 



Si-l 



Si 32m 



(2.3) 



Here Tq = Po, rm-2 = Pm-l, to = ji, tm-l = J2rn, ■% = Qo and Srn-2 = (^m-l 

and spins ji +j2 + ... +j2m-i = J2m and the spins meeting at trivalent points 
in fig. 2 satisfy the fusion rules of the SU{2)k conformal field theory. 



Using the properties of the matrices aji 



as given in Appendix 



3i 32 

.33 J4. 

I, we can readily see that the duahty matrices (2.3) satisfy the following 



orthogonality property : 

jl 32 



(p;r) 



J2m-1 32r> 



^{p;r){q';s') 



31 



32 



J2m-1 32m 



^{q,q')^{s,s') 



(2.4) 



The proof of Theorem 1 is rather straight forward. It can be developed 
by applying the duality transformation (2.1) successively on the 2m-point 
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correlators. For example, for 6-point correlators, represented by 0(popiP2) 
and 

?i?2)' related by a sequence of four duality transformations each 
involving four spins at a time as shown in fig. 3. Thus 



iPoPiP2)(qoqiq2) 



Jl J2 



W?2)0'i---^6) (2.5) 



where 



^(P0P1P2)(909192) 



Jl 32 
is J4 



tl 



J4 P2 



''Poqi 



xa 



•P2q2 



h J4 
J5 ie 



Oil 



90 



Jl 32 

3i qi 

Q2 ie 



(2.6) 



Similarly for 8-point correlators (t){popw2P3;ri){h-h) and 4^[q^q^q^q^-s^){h-k), 
which are related by a sequence of seven four-point duality transformations 
as shown in Fig.4, we have 

h 32 ■ 



^{po—P3;ri){3i ■ ■ -js) X ^{po—P3;ri){qo—q3;si) 

{q;s) 



37 38 



(t>[qo.m)i3i ■ ■ ■ h) 



with 



^{po—P3;ri){qo...q3;si) 



3l 32 
37 38 J 



2P2 



tlt2 



xa 



r\q2 



xat 



2Sl 



ri 

.36 


35 

Ps 


0-tipi 


Po 

-J4 


33 

n 


'ti 


3 a 




't2 




.35 


t2. 


.37 


38. 


'tl 


(l2 


^hqo 


31 


Qi' 


.Q3 


38. 


Si 


38. 



"poqi 



31 32 



(2.7) 



Clearly, in this manner Theorem 1 for arbitrary 2m-point correlators follows. 
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These duality properties will be made use of in sec. 4 to obtain the solution 
of SU (2) Chern-Simons theory. But before we do that, we need to discuss 
the other ingredient necessary for our purpose. As stated earlier, this has to 
do with the theory of coloured-oriented braids. 

3. Coloured-oriented braids 

An n-braid is a collection of non-intersecting strands connecting n points 
on a horizontal plane to n points on another horizontal plane directly below 
the first set of n points. The strands are not allowed to go back upwards 
at any point in their travel. The braid may be projected onto a plane with 
the two horizontal planes collapsing to two parallel rigid rods. The over- 
crossings and under-crossings of the strands are to be clearly marked. When 
all the strands are identical, we have ordinary braids. The theory of such 
braids is well developed^°'^^. However, for our purpose here we need to 
orient the individual strands and further distinguish them by putting different 
colours on them. We shall represent different colours by different SU (2) spins. 
Examples of such braids are drawn in Fig. 5. These braids, unlike braids made 
from identical strands, have a more general structure than a group. These 
instead form a groupoid^°. Now we shall develop some necessary elements of 
the theory of groupoid of such coloured-oriented braids. 

A general n-strand coloured-oriented braid will be specified by giving n 

12 



assignments ji = {ji,ei), i = 1,2, ...n representing the spin ji and orientation 
ei {ci — ±1 for the ith strand going into or away from the rod) on the n 
points on the upper rod and another set of n spin-orientation assignments 
— i^i, Vi) on 11 points on the lower rod as shown in fig. 6. For a spin- 
orientation assignment ji — {ji,ei), we define a conjugate assignment as 
Ji = Then the assignments {it) are just a permutation of (j*). 

The shaded box in the middle of the figure represents a weaving pattern 



with various strands going over and under each other. Such a braid will be 

'jl J2---Jr 



represented by the symbol B 



Composition : Unlike usual braids made from identical strands, the 
composition for two arbitrary coloured braids is not always defined. Two such 
braids 0(1) 1 • • h, ^ and -B^^) | | • • • {n ^ composed only if 

the spin-orientations at the merged rods match, that is, the composition 
^(1)^(2) is defined only if j[ = i* and composition B^'^^B^^^ only if j* = i'-. 

Generators : An arbitrary coloured-oriented braid such as one shown 
in fig. 6 can be generated by applying a set generators on the trivial (no 
entanglement) braids / ( % ' shown in fig. 7. Unlike the case of 

usual ordinary braids, here we have more than one "identity" braid due to 
the different values of spin-orientation assignments ji, J2, ■ ■ -jn placed on the 
strands. The set of n — 1 generators Bi, i = 1, 2, ... n — 1 arc represented in 
fig. 7. By convention we twist the strands by half- units from below keeping the 
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points on the upper rod fixed. Thus the generator Bg introduces from below 
a half-twist in the anti-clockwise direction in the £ih and {£ + l)th strands. 
Like in the case of usual ordinary braids, the generators of coloured-oriented 
braids satisfy two defining relations : 

BiBi+iBi — Bi+iBiBi+i , , 

BiBj = BjBi \i-j\>2 ^''■^> 

These relations are depicted diagrammatical in figs. 8(a) and (b) respectively. 
We shall present a whole class fo new representations of these generators in 
the next sec.4. These in turn will finally lead to new link invariants. 

Platting of an oriented-coloured braid: Like in usual case of braids^^, 
we may introduce the concept of platting of a coloured-oriented braid. Con- 
sider a coloured-oriented braid with even number of strands with spin- orien- 
tation assignments as given by ;B ii ■■■ I"" I^VThcplat- 
ting then constitutes of pair wise joining of successive strands (2i— 1, 2i) , i = 
1, 2, 3, ... m from above and below as shown in fig.9. Such a construction ob- 
viously can be defined only for braids made of even number of strands with 
above given specific spin-orientation assignments. There is a theorem due to 
Birman which relates oriented links to plats of ordinary even braids^ ^. This 
theorem can obviously also be stated in terms of coloured-oriented braids of 
our present interest. Thus we state 

Theorem 2. A coloured-oriented link can be represented by a plat con- 
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structed from an oriented-coloured braid B ( jl 



Jm J; 



m 



m 



) 



Clearly, platting of these braids does not provide a unique representation 
of a given knot or link. 

Closure of an oriented-coloured braid: In addition to platting, we 

may also define the closure of a coloured-oriented braid. For an m-strand 
braid with spin-orientation assignments as in B ( l}^ "^^ ' ' ' J , the clo- 



sure of the braid is obtained by joining the top end of each string to the 
same position on the bottom of the braid as shown in fig. 10. Clearly, closure 
is defined only if the spin-orientation assignments are mutually conjugate at 
the same positions on the upper and lower rods. Now there is a theorem due 
to Alexander^^ which relates oriented links with closure of ordinary braids. 
This theorem can as well be stated for our coloured-oriented braids : 

Theorem 3. A coloured-oriented hnk can be represented, though not 



In the following we shall see that Theorem 1 with Theorem 2 or 3 provide 
a complete solution to SU{2) Chern-Simons gauge theory on an S^. 




3: 




uniquely, by the closure of an oriented-coloured braid B 
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4. Link invariants from SU{2) Chern-Simons theory. 

To develope a method of calculating the expectation value of an arbi- 
trary Wilson link operator (1.4), consider an with two three-balls re- 
moved from it. This is a manifold with two boundaries, each an S"^. Let 
us place 2m (m = 2, 3 . . .) unbraided Wilson lines with spins ji, j2, ■ ■ ■ J2m 
(such that all these spins make an SU{2) singlet) going from one bound- 
ary to the other as shown in fig. 11. Thus we have put an "identity" braid 

/ j* j* j* \ 

/ ' ' ' inside the manifold. An arbitrary coloured-oriented 

V ji h ■■■ hm ) 

braid can be generated from this identity by applying the half-twist (braid- 
ing) generators Bi,B2,... i^2m-i on the lower boundary. As discussed in 
sec.l, the Chern-Simons functional integral over this manifold can be rep- 
resented by a state in the tensor product of vector spaces, H'^^^ as- 
sociated with the two boundaries, Y,^^^ and Y,^'^^- Convenient basis vectors 
for these vector spaces can be taken to correspond to the conformal blocks 
(eqn.(2.2)), </)(p;r) ( ji J2 • • ■J2rn) or equivalently 0(g.^)(jij2 • • ■J2rn) as shown in 
fig. 2 for the 2m-point correlators of the corresponding SU{2)k Wess-Zumino 
conformal field theory. We shall represent these bases for each vector space 
as |0(p;r)(iij2 . . ■j2m) > and |0(g.^)(jij2 • . . J2m) > respectively. For dual vec- 
tor spaces associated with boundaries with opposite orientation, we have the 
dual bases < (f){p-r){ji ■ . . J2m)| and < (f>[q.s)Ui ■ ■■hm)\ ■ The inner product of 
these bases vectors for each of the vector space, Ti.'^^^ and H^'^^ are normalized 
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so that 



< 4'{p;r){jtj2 ■ ■ ■j2m)\4>ip'y){jlh ■ ■ ■ hm) >= ^ (j>)(j>')hr)(r') 

< (t>[q-s) 013*2 ■ ■ ■ 32m)W{q';s') Chh ■ ■ ■ J2m) >= (^-l) 

The two primed and unprimed bases are related by duahty of the confor- 
mal blocks given by Theorem 1 : 



\(l>[q;s)Ulh ■ ■ ■j2m) = a(p.r)(g;s) 
{p;r) 



Jl 



32 

k 



J2m-1 32m 



\(f>{p;r){jlj2 ■ ■■32m) > 

(4.2) 



with duality matrices as in eqn.(2.3). 

The Chern-Simons functional integral over the three-manifold of fig. 11 
may now be written in terms of one kind the above bases : 

\ Jl J2 ■■ J2m / 

Here we have put superscripts (1) and (2) on the bases vectors to indicate 
exphcitly that they belong to the vector spaces and H^'^^ respectively. 
Now notice glueing two copies of this manifold along two oppositely oriented 
boundaries, each an S^, yields the same manifold. Hence 

ip'-r') 

This immediately leads to M(j,.^r)(p';r') — ^{p){p')^{t){t')i so that the functional 
integral over the three-manifold of fig. 11 can be written as 

' • • • ^ - E \€M ■ ■ - JL) > l^flGi ■ ■ -hm) > (4.3a) 



1^1 



31 32 



32m 



(p;r) 
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Equivalently we could write this functional integral in terms of the primed 
basis using (4.2) and orthogonahty property of duality matrices (2.4) as 




The conformal blocks 0(p;r)(ii • • ■j2m.) as shown in fig.2(a) of the confor- 
mal field theory and the corresponding basis vectors |0(p;r-)(jij2 ■ ■ ■ J2m) > 
are eigen functions of the odd indexed braiding generators B2e+i, i — 
0, 1 ... (m — 1) of fig. 7. On the other hand the conformal blocks 
0(q;s)(jii2 ■ ■ ■ J2m) (fig-2b) and the associated basis vector |0(g.^)(jij2 ■ ■ ■ J2m) > 
are eigen functions of the even indexed braid generators, B2e, £ — 1,2, . . . (m— 

1): 

B2e+l\(l>{p;r)(- ■ ■32t+l32i+2 ■ ■ ■) >= \e.{32i+l, 32(.+2)\(t>{p;r){- ■ ■ 32i+232t+l ■ ■ ■) > 
B2M[q.r){3l--32E32i+l-32m) >^ \i{32i, 32i+l)\(t>{q-,s){3l--32E+l32i--32m) > (4-4) 

The eigenvalues of the half-twist matrices depend on the relative orientation 
of the twisted strands : 

\tQ,y) = \t\h3') = (-)J'+^"-*g('^^+^^')/2+'^-»o-.^')-^*/2 ifee' = +l 
= i^i'\3,f))~^ = (-)l^-j'l-*gl^^-'^.'l/2-^*/2 ifee' = -l 

(4.5) 

where Cj — j{j + 1) is the quadratic Casimir for spin j representation. When 
ee' = +1 above, the two-strands have the same orientation and the braid 
generator introduces a right-handed half-twist as shown in fig. 12a. On the 
other hand for ee' = —1, the two strands are anti-parallel and the braid gen- 
erator introduces a left-handed half- twist as shown in fig. 12b. Thus A^^'' {j, j') 
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and Xt {j, j') above are the eigenvalues of the half- twist matrix which intro- 
duce right-handed half-twists in parallely and anti-parallely oriented strands 
respectively. These eigen- values are obtained from the monodromy proper- 
ties of the conformal blocks of fig. 2 of the corresponding conformal theory^^ 
and further compensated for the change of framing introduced due to the 
twisting of the strands^'^. There is some ambiguity with regard to the q- 
independent phases in these expressions for the eigenvalues. However, this 
ambiguity along with that in the phase of the duality matrix a^^ of eqn.(2.1) 
are relatively fixed by consistency requirements as will be discussed in the 
Appendix I below. 

Eqns.(4.4), (4.5) and (4.2) define representations of braids. This we ex- 
press in the form of a theorem : 

Theorem 4 . A class of representations for generators of the groupoid 
of coloured-oriented braids of fig. 7 are given (in the basis |0(p;r) >) by 




Jl 



^2^+2 j2e+l 




J (p;r)ip';r') 



£ = 0, l,...(m- 1) 
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and 



B 



2£ 



J2e •^2€+i 
J 2^+1 j2e 



X] V(i2£, j2^+l) «(p';r-')(«;s) 



Jl 



J2 



J2^-1 J2f+1 
^2^ ^2^+2 



'^(p;r){q;s) 



Jl J2 

321-1 321 
321+1 32i+2 



.32m-l 32m J Lj2m-1 32m 

^ = l,2,...(m- 1) (4.6) 



Using the identities given in Appendix I, these can readily be verified to 
satisfy the defining relations (3.3) of the braid generators. 

Now let us place an arbitrary weaving pattern instead of an identity 
braid inside the three-manifold with two boundaries (each an S"^) discussed 
above with specific spin-orientation assignments as shown in fig. 13. The 
spin-orientation assignment (£1,^2 • • -^m) on the lower boundary are just a 
permutations of (ji, J2 • • ■3rn)- The braid inside indicated as a shaded box 
can be represented in terms of a word B in the braid generators above. 
The Chern-Simons functional integral over this three-manifold can thus be 
obtained by B (written in terms generators Bi) acting on the state (4.3) from 
below : 
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We wish to plat this braid. This can be done by glueing one copy each of 
the three-ball shown in fig. 14(a) from below and above with spin-orientation 
assignments matching at the punctures. The functional integral over this 
three-ball (fig. 14(a)) can again be thought of to be a vector in the Hilbert 
space associated with the boundary. Thus we write the functional integral 
(normalized by multiplying by Z"^!"^ where Z is the partition function on 
5*^) in terms of a basis of this Hilbert space as 

vQxfx ■ ■ -JmfJ = ^(P;r) |0(p;r)(jur • • -Jmj'm) > 
{p;r) 

where the coefficients N(^p.r) are to be fixed. Notice applying an arbitrary 
combination of odd indexed braid generators B2e+i on fig. 14(a) does not 
change this manifold; the half-twists so introduced can simply be un- 
done. That shows that the vector I'ijij* ■ ■ ■ jmjm) is proportional to 
\4'{0;0){jiji ■ ■ ■ jmjm) ^ which is the eigen- function of the generators -82^+1 
with eigenvalue one. Thus only non-zero coefficient is A^(o;o)- Further if we 
glue two copies of the three-ball of fig. 14(a) onto each other along their oppo- 
sitely oriented boundaries, we obtain an containing m unlinked unknots 
carrying spins ji, J2, ■ ■ -jm respectively. The invariant for this link is given 
simply by the product of invariants for individual unknots. Now for cabled 
knots such as two unknots, the invaraints satisfy the fusion rules of the associ- 
ated conformal field theory. Thus for unknots V^i[t^]Vj2[t^] = Y^j Vj[U] where 
the spins (ji, J2, j) are related by the fusion rules of the conformal field theory. 
For spin 1/2 representation using skein relations we can obtain V^i/2[^^] = [2], 
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where square brackets define g-numbers as [x] = (g^/^ — e~^/^)/(g^/^ — 
Using this along with Vo[U] — 1, the invariant for unknot U can be seen 
to be given by the g-dimension of the representation hving on the knot 
Vj[U] = [2j + 1]. This discussion leads to 7V(o;o) = U[2ji + 1]^^^ above. 
Thus 

m 

Hnfl ■ --JrufJ = {U[^J^ + lY^'MmO&i ■ ■ -JmfJ > (4-8) 
i=l 

Now we are ready to plat the braid in the manifold of fig. 13 by glueing 
to it manifolds of the type shown in fig. 14(a) from below and above. This, 
invoking Theorem 2, leads us to our main theorem : 

Theorem 5. The expectation value (1.4) of a Wilson operator for an 
arbitrary link L with a plat representation in terms of a coloured-oriented 
- -I " ' -™ I generated by a word written in terms of the 

braid generators Sj, i = 1, 2, . . . (2m — 1), is given by 

m 

n^] = (n[2j.+i]) 
j=i 

X<0(O;O)(itil..Ci^)|s(|| I I™ |f)|0(O;O)(]l*]l..j;]m)> 

(4.9) 

This main theorem along with Theorem 4 allows us to calculate the link 
invariant for any arbitrary link. Before illustrating this with an explicit ex- 
ample in the next section, we shall extend our discussion developed above to 
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write down the Chern- Simons functional integral over a three-ball with Wil- 
son lines as shown in fig. 14(b). One way to obtain this functional integral 
is by applying a weaving pattern generated by B2m-iB2m ■ ■ ■ B3B2 on the 
functional integral (4.8) for the three-ball shown in fig. 14(a). Alternatively, 
since this functional integral is unchanged by applying even-indexed braid 
generators B2e, it is proportional to 1 0(00)01^2^2 • ■ ■ Jmimii) > which is the 
eigen function of these generators with eigenvalue one. This functional inte- 
gral over the ball of fig. 14(b) (normalized by multiplying by Z~^/'^) is given 
by the vector 

m 

^'{hhj2 ■ ■ ■jmj:jD = (-)^^nn(-)'"^^"^^"^''[2i.+i]^/') l0(o;o)(iiM ■ ■ ■ 5' J^i 

(4.10) 

Similarly the Chern-Simons functional integral for the three-ball of fig. 14(c) 
can be constructed by applying the braid g2m = (-Bm+i-Bm)(-Bm+2-Bm+i -Bm 
Bm-i) (5m+3^m+2 • • • ^^-2) • • • (^2m-i • • • B3B2) ou the vcctor (4.8) repre- 
senting functional integral over the manifold of fig. 14(a). We write 

\4>CjlJ2 ■ ■ -Jrufm ■ ■ -jfjl) >= 92m \(t>m{jljlj2j2 ■ ■ - jnifm) > (4-11) 

Then the Chern-Simons normalized functional integral over this three-ball is 

rn 
i=l 

This functional integral allows us to obtain a result equivalent to 
Theorem 5 for the hnks as represented by closure of braids. To do so, 
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for an braid Bm ( % % "^T ) '^^^^ strands , construct another 
\ Jl 32 ■■ Jm J 

braid by adding m untangled strands to obtain a 2m-strand braid 
Bm f ^ ■ ■ ■ ■ ■ ■ ? ? ) as shown in fig. 15 with the spin- 

Vjl J2 ■■■ Jm Jm ■■■ J2 JlJ 

orientation assignments as indicated. Then the closure of the original m- 
strand braid Bm in is obtained by glueing two copies, one each from above 
and below, of the three-ball of fig. 14(c) onto the manifold of fig. 15 with proper 
matching of spin-orientations on the punctures on the boundaries. Thus, we 
may state the result for links represented as closure of braids as : 

Theorem 6. For a link represented by the closure of an m-strand 

coloured-oriented braid Bm ( % % J , the link invaraint is given 

\ Jl J2 ■ ■ ; Jm / 

Jl J2 ... Jm Jm • • • J2 Jl 



in terms of the extended 2m-braid Bm , 

\Ji Ji ■ ■ ■ Jm Jm ... J2 Jl 

constructed by adding m untangled strands as in fig. 15, by 



Jl J2 .. Jm Jm ■■ ^2 Jl 

m \ 2* 



F[L] = (n[2ji+i])<0(j\j2..jj;..]2*]r)|i3...^^. , 

j=l VJl J2 ■■ Jm Jm ■■ J2 Jl 

\Hkj2--fmJm--j2jl) > (4.13) 

Here the 2m-strand braid is written as a word in terms of the braid generators 

Bi, B2, ■ ■ ■ Bm-i introducing weaving pattern in the first m strands only and 
the vector |0 > is given by eqn.(4.11) above. 

Theorem 5 or equivalently Theorem 6 provides a complete and explicit 
solution of SU{2) Chern-Simons gauge theory on S^. 
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5. Applications of the main theorem 



To illustrate the use of the main Theorem 5, let us calculate the in- 
variant for Borromean rings. This link is made from three knots. We 
shall place spin ji,j2 and ja on these knots. Fig. 16 shows this links with 
orientation and spin assignments as indicated. A plat representation for 
this link has also been drawn. The link is given as a plat of a six strand 
braid B2B^^ B^BiB^^ B^^B^^ B^^ . To apply Theorem 5, first we evaluate 
i^^^i?^^ 10(0) >. This we do by first converting the basis vector |0(o) > to 
10'^^) > through duality matrix and since S^^SJ^ introduces right-handed 
half twists in anti-parallel strands: 



^2 '|0(O)(j2j2JUrj3j3) > 



E47nJiJ2)AtnJiJ3)a 



(o)W 



\(l>{i){hKf2hjl3l) > 



32 32 

3i 3i 
Js 33. 

Next we apply B^ ( which introduces a left-handed half-twist in the anti- 



parallel strands) on this vector. For this we change the basis back to \(f>(rn) > 
through duality transformation. Repeating such steps, we finally have using 
Theorem 5, the invariant for the Borromean rings of fig. 16 as 

Vnnjs = [2ji+l][2j2+l][2j3+l] 

X < <Pio){3f3i&3f33)\ B2B^'BsB,B^'BsB^'B^' \4>[o){hW3lh3l) > 

= [2j, + i][2h + i][2h + 1] E (Ai:njij2))"' \i:\hh)xi^\3ih) 
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X (aJ.;) (jus)) (Ait) inj2)y' (Ay to)) aJ-^ (jU2) A^^ (jUa) 
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31 


32 




'h 


31' 


xa(o)(5) 




32 


a(p)(q) 


3i 


h 


a{p){n) 


33 


3i 




Js 


33 _ 




.32 


33. 




.32 


33. 




'32 


3i' 




'32 


3i 




'32 


32' 


X«(m)(n) 


is 


32 


«(m)(£) 


32 


33 


«(o)W 


3i 


3i 




j'l 


33. 




.31 


33. 




.33 


33. 



(5.1) 



Similarly the knot invariants for example, for all the knots and links list in 
the tables given in Rolfsen's book^^ may be calculated. We shall present the 
result of such calculations for knots upto eight crossings and two-component 
links upto seven crossings in Appendix II. Some of these invaraints were 
calculated earlier in refs.6. 

6. Concluding remarks 

We have here presented an explicit method for obtaining the functional 
average of an arbitrary Wilson link operator (1.4) in an SU{2) Chern-Simons 
theory. Either of the main Theorems 5 or 6 provides this complete solution. 
To develop this method, we have made use of theory of coloured-oriented 
braids. In addition, following Witten^, we have used the equivalence of the 
Hilbert space of Chern-Simons functional integrals over a three-manifold with 
boundary with the vector space of the conformal blocks for the correlators of 
the associated Wess-Zumino conformal field theory on that boundary based 
on the same group and same level. This has helped us to find a whole class of 
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new representations of generators of coloured-oriented braids. These in turn 
have finally led to the exphcit solution of the Chern-Simons gauge theory. 
Of the new link invariants so obtained, Jones polynomial is the simplest. It 
corresponds to spin 1/2 representation living on all the components of the 
link. The new invaraints appear to be more powerful than Jones polyno- 
mial as these do distinguish knots which are known to have the same Jones 
polynomials. 

Tables of the new invaraints for knots and links of low crossing numbers 
have been presented in Appendix II. We could read off the invaraints for any 
other links as well by the rules defined by Theorem 5 or 6. In particular, 
invaraints for toral knots can be obtained in this way. 

Theorems 5 and 6 can also be used for an efficient calculation of the 
invariants on a computer. 

The method developed has an obvious generalizations to other compact 
semi-simple gauge groups. It can also be extended to study Chern-Simons 
gauge theory on three-manifolds other than S^. 



Appendix I 



Here we list the duality matrix aje 



relating the two bases of four- 



Jl 32 

Lis i4. 

point correlators of SU{2)k Wess-Zumino field theory as shown in fig.l. We 
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shall also give some of their useful properties. These duality matrices are 
given in terms of g-Racah coefficients as ^^'^ : 



3i 32 

is i4 



Here the triplets(jjij2), {jjsjA}, {(-hk) and (^^2^3) satisfy the fusion rules of 
the conformal theory: 

max{\ji - j2|, lis - J4I) >j> min{jx+ j2,jz+ ji) 

max{\j2 - J3I, \ji - J4I) > > rnin{j2 + jaji + Ja) 

ji + 32 +j<k, js + J4 +j<k, j2 +j3+i<k, ji +j4 + i<k 

31 + 32 + 3, 33 + 34 + 3, 32 +33 + ^ and ji +j4 + i e Z (^.2) 

The phase in (A.l) is so chosen that it is real; (ji + ^2 +^3 + Ja) is always an 
integer. 

The SU{2)q Racah-Wigner coefficients^^ are : 



3i 32 312 
33 3a 323 



= j2, J12) A(j3, ji, il2) A(ji, j4, J23) A(j2, J3, 323) 

X Y.m>o{-TVn + 1]! {[m - 31 - 32 " J12]! 

x[m- j3 - j4 - ju] ! ["^ - ji - J4 - J23] ! 
X [m - j2 - is - i23] ! [ji + 32 + 33 + 34 - m] ! 

X [3 1 + 33 + il2 + J23 - m] ! [j2 + 34 + il2 + i23 - !}~^ 

(A.3) 



where 



A(a,6, c) 



■a + 6 + c]![a — 6 + c]![a + 6 — c 
^ [a + 6 + c + l]! 
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Here the square brackets represent the g-numbers 



[x] 



_ q-x/2 

qi/2 _ q-i/2 



and [n] \ = [n][n-l] . . . [3] [2] [1] . The SU{2) spins are related as ji + J2 + Js = 

J4, Jl + J2 = J12, J2 + J3 = J23- 

The 5-Racah coefficients above satisfy the following properties'^ : Inter- 
change of any two columns of ( ^} "^.^ ) leaves it unchanged. Further 



Ji 32 J 



Jl J4 « 
J3 J2 j 

jl 32 



33 32 (- 

3i 34 j 

_Y+j2+j3X. . X. 



33 34 J 

31 32 I 



J3J4 



[2j2 + l][2j3 + l] 



Y,[2j + 1][2£ + 1] 





32 




r" 


32 3 ] 


Vj3 


34 




\33 


34 e) 



{AA) 
(^.5) 
(A6) 



X:(-)^+^+^[2x+l]g- 



-c. 



x/2 



Jl 32 X 
33 34 j 



3i 32 X 

34 33 ^ 



34 31 ^ 



{A.7) 



E(- 



i€i+^2+^3+ri+r2 



[2£i+l] 



ri 33 r2 

34 jb h 



3i 32 ri 
h h h 



h 32 h 

33 34 h 



31 h 


r2 \ 




32 


ri \ 


\34 h 


£2) 


r 

\33 


r2 





where Cj = j{j + 1). 

Using these we see that the duality matrices satisfy the orthogonality and 
symmetry properties as : 



'31 


32 




'jl 


J2" 


.33 


34. 


J3 


j4. 



(A.9) 
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Further 





J2' 


— a,£j 


' ji 


3i 


— d^j 


Is 


h' 


— a-je 


■j3 


ji' 


J3 


J4. 


J3 


J2. 


Jl 




Jl 


J2. 



(AlO) 



'jl 


J2' 


— a^n 


'j2 


jl' 






-is 


ji. 


J4 


is. 



J J2 



Jl 32 
J3 J4 



(-) 



[21 + 1] 



^[2j2 + l][2j3 + l] 



J2 
J3 J4 



(^.11) 

{A.12) 



and 



'j2 


jl' 


f 


'jl 


jl' 


-jl 


j2. 


-J2 


j2. 



{Mjlj2))'^^0,me 



Jl J2 
Ijl j2. 
(A.13) 



E 



J3 J2 
Jl i4 



Am(j2j3)am^ 



J2 J3 

ii j4 



mi 



^1 



J3 Jl 
j2 ji 



>^(.{jijz)api 
>^m{jij3)ame 



J2 Jl 

js ji 



Jl J3 
j2 ji 



lambdap{jij2) 
>^t{j2jz)api 



Jl J2 

J3 ji . 
{A.U) 



>1 


js' 


(lri£2 


'jl 


j2 




"4 


j2 


-ji 


J5. 


[il 


jb. 


J3 


ji. 



'jl 


h' 




'jl 


J2" 






.ji 


jb. 


.J3 


r2. 



{A.15) 



Eqn. (A. 14) reflects the generating relation of the braiding generators 
BiBi^iBi = Bi^iBiBi^i . Both (A. 13) and (A. 14) foUow immediately from 
the applications of the identity (A. 7). 

The g- independent phases in the eigenvalues X£^\jij2) of the braiding 
matrices given in eqn. (4.5) and also that in the duality matrix (A.l) are 
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somewhat ambiguous. The choice we make here is differs from that in refs.6. 
We have chosen these phases in such a way that Xo~\j, j) — 1, A^^^(0, j) — 5ej 



and a. 



' 


j2' 


— o,je 


'32 


■ 








— <lji 


'k 


is" 


.is 


J4. 


J4 


J3. 


. 


J2. 


.32 


. 



Sjj^Sej^. The 



braiding relation (A. 14) is not sensitive to this ambiguity of phases. However, 
these phases are relatively fixed by requiring some consistency conditions. 
One such condition is obtained by gluing a copy each of the manifolds shown 
in figs. 14(a) and (b) for m = 2 (and with ji = j2 = j) along their oppositely 
oriented boundaries. This yields an unknot U carrying spin j in an S^. Thus 
we have, using eqns. (4.8,10) for m = 2 and ji — j2, the consistency condition: 



[2j + in-)'^ < <f>o0fjj*M0*3f3) >= [2j + m-r' aoo 



3 3 
3 3 



{A.16) 

Another consistency condition is eqn. (A. 13). This refiects the equality of 
Chern-Simons functional integrals over two three-balls as shown in fig. 17(a). 
A weaker condition on X^^\ji,j2) is 



E[2^ + 1] {xi'\3ih)) = E[2^ + 1] (4"^(iii2))^ 



(^.17) 



This condition is obtained by gluing two copies each of the diagrams of fig. 
17(a) to represent the same Hopf link in two different ways. Yet another 
consistency condition is 

. ±1 



[2j + l]'Y. 



3 3 
3 3 



3 3 
3 3 



{+) 

■e 



[2j + 1] {A.18) 



This equation represents the fact that each of the knots in fig. 17(b) is an 
unknot U . 
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Next, eqn.(A.15) follows directly from eqn. (A. 8). This equation reflects 
that five duality transformations on conformal blocks of the conformal field 
theory as shown in fig. 18 bring us back to the same block. However a phase 
may be picked up in the process. With the phase of duality matrices as 
fixed above, there is no such phase picked up by this cycle of five duality 
transformations . 

The duality matrices for some low values of j can easily computed explic- 
itly . For example. 



The general duality matrix a(^p-r){q:s) for 2m-point correlators of Wess- 
Zumino conformal theory as depicted in figs. 2 are given by eqn. (2.3) of The- 
orem 1. Using above four-point duality matrices, these can be shown to 
satisfy the orthogonality and symmetry properties expressed in eqns.(2.4) . 
Further the some special values of these 2m-point duality matrices are 





and 




(A20) 



JJ 

n 



m-2 / 

n i-r'-''^ 



[2j + 1] 



) 



m—2 



J Qi 
.Si j. 



«(0;0)(g;s) 



i=l 



IJJ 1 



32 



a(p;r-)(0;0) 



JJ 

n 
n 



{A.21) 



where sq = ?o, Sm-2 = gm-i, ^^o = Po, = Pm-1- Further a useful identity 
is : 



E 



Jl J2 

321-3 j2e-2 

j2e-i j2e 

32i+l 32i+2 

J2m-1 32m 



0'{p';r'Kq;s) 



xa.o 



-iPe-i 



^1-2 321-1 

32t re-i 



3i 32 

321-2. 32i-2 

32e-i 32t+i 

32i j2e+2 

.J2m-1 32m 

^1-2 32i-l 

32i+i r'f^-i 



r'i-i 32e 
j2e+2 n 



xa 



sepe-i 



32e+2 n 



32i se 



se-1 32i 
j2e+i Si 



e = 0,l,2,...(m-l). (A18) 



Here r_i = 0. 



Appendix II 

It may be worthwhile to present a tabulation of the new invariants for 
knots and links. This we present now for knots and links with low crossing 
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numbers as listed by tables of Rolfsen^^. The naming of knots and links 
will be given as in this book which reads clearly the crossing number (as 
the minimal number of double points in the link diagram). We shall not 
present the link diagrams as shown in these tables but instead give their plat 
representations so that Theorem 5 can readily be used to write down the 
invariants. 

IIA. Knots: In this subsection invariants for knots upto crossing number 
eight will be given. All knots will carry spin j representations and we shall 
shorten the notation for eigen values of the braid matrix introducing right- 
handed half-twists in parallely and antiparallely oriented strands and also 
the duality matrices as : 



The plat representation of knots studied here are given in fig. 19 and their 
knot invariants Vj using Theorem 5 are as follows : 
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Jj. 



0'{m){i) = O,(momim2){ioeii2) 



33 

33 

n 



Oi : 



[2j + 1] 



3i : 



E[2£+l](Al+0"3 



4i: 



E V[2m+ 1][2£ + l](-)-+^-^^(AH)-^(A(-))^a^, 
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E[2£+l](A^+0-^ 

E V[2m+ 1][2£+ l](-)-+^-2^(A(„-))-3(AW)-'«m. 

E V[2m + 1][2£ + l](-)"^+^-^^(A(„-))-^(Aj-))^a^, 

E V[2P + 1] [2m + l](-)^+-(AW)-^(A(-))-i(AL-))^a,„a_ 

E 02^+T][2ZTT](-r^-^^XAj+))^^ 

E[2£+1](aJ+))-^ 

E V[2m + m + l](-)"^+^-2^-(Ak-^)-'(Aj^V'a™^ 
E 02;^^TTn2^(-)'"+^-^nAL+))^(A^))^a^, 

EV[2p+l][2m + l](-r-(A(-))3(AW)(A(„-))V«mn 

E V[2P+ l][2m + l](-r-(A(+))-3(A(-))-2(AW)-V«rnn 

E V[2P + 1][2^ + l](-r'-'^(AW)-^(A(-))-i(A(„-))^(A(- V'«pna^nan.. 

EV[2r + l][2m + l](-)'^+™(A(-))2(A(-))-^(AW)-HA(-))-^(AH)^a,,a,,a 

E V[2m + 1][2^ + l](-)'"+^-^^-(AH)-^(A(-))^a^, 

E V[2P + 1] [2m + l](-)^+-(AW)-^(A(-))-i(AH)^a,„a_ 
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83 : E ^|[2m + 1][2£ + l]{-r^'-'K>^'n:^)-\>^Vfami 

84 : [2j + l]^E(A(;))3(AW)-^(AW)(AW)(At^A(:V^ 

X a (0) (n) a (m) (n) O (m) (^) O (0) ((.) 

85 : [2j + 1]=^E A(;)(AW)-i(AW)(AW)='At^(AJ:V^ 

X « (0) (n) « (m) (n) « (m) (^) « (0) (£) 

86 : E ^[2p+ l][2m + l](-)^'+-(A(+))-3(Ai-))-3(A(„-))'ap„a^„a^, 

87 : E V[2p+ 1][2£ + l](-r'-'^(AW)^(A(-))(AL-))-^(AW)-2^,„a„^a^, 

88 : [2j + l]^E(AH)-^(AW)^(AW)-HAL1)^(AtVU^:^ 

X 0(0) (n) a'(m)(n) «(m)(£) «(0) (£) 

89 : E V'[2p+ 1][2^ + l](-r'-'^XAW)''A(-)(A(„-))-i(AW)-'«pna^na^. 
810 : [2j + 1]^E(AW)^(A(;))-1(AW)-^(aW)^(a{;Vi 

X a (0) (n) a (m) (n) O (m) (^) O (0) (^) 

8n : [2j + 1]^ E(AH)-HAW)(AW)-HAL-))-^(AtV^AW 

X 0(0) (n) 0'(m)(n) a'(m)(£) 0(0) (£) 

812 : E ^J[2p + l][2e + l](-)f+^-2^-(A(-))-'(A(-))^(A(„-))-^(Aj-))2ap,a^,a^, 

813 : E ^[2r + 1][2£ + l](-)'+^(A(-))3(A(+))(A(-))(A(-))-i(AW)-2a.,a,,a,.a 
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814 : E ^|[^q + 1][2£ + l](-)^+^(A(-))2(A(-))-i(AW)-HAL-))-^(A(+))-2a,,a,„a^„a^, 

815 : [2j + l]^E(AH)-HAW)-^(AHAH)-i(AW)-HAtV^(AtV^ 

X a (0) (g) a (p) (5) a (p) („) a (n) a (t) a (0) (^) 

816 : [2j + l]^E(A;7)A(;))-UH(AW)-UWAH(AHAt^)-^ 

X a(o)(g) a(p)((/) «(p)(n) «(m)(n) «(m)(£) «(0)(^) 

8ir: [2j + l]^E(Ai;))-HAW)-UtHAW)-U(7)A(tUitUL-HAt^A(^^ 

X a (0) (s) a (r ) (s) a (r) (g) a (p) (q) a (p) (n) a (m) (n) a (m) (^) a (0) (^) 

818 : [2j + 1]^E AHA(7)(AH)-^(A(t)AW)-^(AH)-Ut^At^ 

X « (0) (g) a (p) (g) O (p) (n) a (m) (n) a (m) (£) a (0) ) 

819 : [2j + 1]^ E At)A(-)AWA(7)AWAW(AW)-UL-)A(:)At^ 

X a (0) (g) a (p) (g) a (p) („) a („) a (^) (^) a (0) (^) 

820: [2j+l]^E(A(7))-UH(A(+)AH)-U(t)(A(t))-(AW)-^AH 

xa(o)(g)a(p)(g)a(p)(„)a(^)(„)a(m)(£)a(o)(^) 

821: [2j>l]^E(A(7)A(;))-i(AW)-U(7)(AWAW)-^(AL+>k^ 
X a (0) (g) a (p) (g) a (p) („) a („) a {rn) (^) « (0) (^) 

In the expressions above all the indices are summed over positive integers 
from to min(2j', k — 2j) . In these calculations we have made use of identities 
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(A. 12) and (A. 13). The results for knots upto crossing number seven as 
presented in the first of ref.6 are the same. Further these invaraints for 
j — 1/2 and j = 1 respectively agree with Jones-one variable polynomials^ 
and those obtained by Wadati et al from the three-state exactly solvable 
model^^. To do this comparison we need to multiply these polynomials of 
refs.2 and 14 by [2j + l], j = 1/2 and 1 respectively, to account for differences 
of normalization before comparing with our results above. 

Notice for g = 1 (which corresponds to A; — > oo ), the invariant for any 
knot is simply the ordinary dimension of the representation living on it, 

VM = ^) = 2j + l. 

Change of orientation does not affect the knots and invariants do not 
depend on the orientation. Thus orientation for knots may not be specified. 
However, mirror reflected knots are not isotopically equivalent in general. 
For any chiral knot in the above list, the invariant for the obverse is obtained 
by conjugation which amounts to replacing various braid matrix eigen values 
A^^'* by their inverses in the expression. 

II B. Links : Now we shall list the invariants for two component links 
with crossing number upto seven as listed in Rolfsens book^^. Unlike in 
the case of knots above, here we need to specify the orientations on the 
two components. There are four possible ways of puting arrows on these 
knots. Simultaneous reversing of orientations on all the component knots 
does not change the invariant. Hence there are only two independent ways 
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of specifying the orientations on the knots of a two component hnk. We 
have made a specific choice of relative orientations of the component knots 
as indicated in fig. 20 where we have given plat representations of these links. 
We have also placed spin ji and j2 representations on the components as 
indicated. Then from Theorem 5, the invariants Vj^^j^ for these links are : 

Oi: [2ii + l][2j2 + l] 

4i: E[2^+1](a5+)(JiJ2))-^ 

[2j, + l]2[2j2 + 1] E(A(7)(jij2))-^A(+)(jU2)(AW(jiJi))-^ 



5i 



x(aJ^^(jiJ2)) 'Aj+^(jij2)a(o)(p) 



JiJi 

3-232 





' 3132 




' 3i32 






xa(^)(p) 






jiji 


«(o)W 


i2i2 




.hh. 




.hji. 







6i: Em+l]iXi'\hj2)) 



\-6 



3i32 
3i32 



E + l][2m + l](-)'"+^-^-»^(^-^-^)(A(„-)0\i2)AW(jij2))-^aMW 
E 02^+l][2^^(-)^+--^(^-^+^-^HA(-^ 



pn 



Jl32 



7i : E v/[2p+l][2m + l](-)f+' 



Jlj2 
J2jl 



m-2(ji+j2)|'\(-) 



(A(-)(JU2))^(A(-)(J2J2))-HAW(JU2))- 
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xa, 



pn 



Jlj2 

.3231. 



3i32 
.3231. 



E y[2?+T][2ZTT](-r^-^— ^^^^ 

(AL-nj2j2))-^(A^)(jlj2))^ 



xa, 



pn 



3i32 
3i32 



3i3i 

3232 



3i3i 

3232 



EV[2p+l][2m + l](-)^' 



.+m-2(ii+. 



^■^^(A(-)(jij2))^(A(-)(j2j2))-^(AW(jij2))- 



xa. 



pn 



Jlj2 
i2jl 



Jlj2 
J2il 



[2ji + i][2i2 + 1]^ E Ai;)(iii2)A(;)(i2i2)(AL-?(jii2))-^ 

XAW(j2j2)At^(jlj2)At^(j2j2) 



Xa(0)(m) 







"J1J2' 




'iU2 


J2i2 


a(m)(n) 


JU2 


a(m)(^) 


JU2 


J2 J2 . 




J2J2 . 




J2J2 



«(o)W 



JiJi 

J2j2 
J2J2 



[23,+m32+lfnVi3i32)\[-\3i32mV 
x( 



(AL-HjlJ2))-^AW(jlj2)AtHjlJ2)(AtHj2j2))-^ 
J2j2 

jlil a(p)(g) 
i2i2._ 
J2 J2 ' 



xa(o)(g) 

Xa(m){n) 



J2J1 
J2J1 



ii 
J2J1 
J2J2 
JU2 
J2jl 



a(p)(n) 



J2J2 
J1J2 



a(0)(£) 



i2 

3232 

hh 
J2J2 



[23, + l][2j2 + 1]^ E(A(7)(jU2)A(;)(j2j2))-^A(;)(jU2) 

XAW(j2j2)AL-)(jlj2)(AtHjlj2)AtHj2j2))-^ 









J1J2 




J1J2 


xa(o)(g) 


J2j2 




3i32 


a(p)(n) 


J2jl 




.J2i2. 




.3232. 




.J2J2 



40 





"J1J2' 




'3132 




'jiji' 


Xa(m)(n) 


i2ji 




3i32 


«(o)W 


hh 




.hh. 








.J2J2. 



XAW(J2J2)(A1:^(JiJ2))^^AS;)(j2J2) 









"ilj2" 




' 3i32 




"jiii" 


Xa(0)(n) 


J2J2 


«(m)(n) 


J1J2 


a{m)(£) 


J1J2 


«(o)W 


J2J2 




.J2J2. 




.i2i2. 




.J2J2. 




.J2J2. 



78 : [2ji + + 1]^ E AH0u2)(A(7)0u2))-^(A(7)(i2i2)Ag)(jij2))-^ 

X(AW(j2j2))-^(AL-Hj2j2))-UL+HjlJ2)At^(j\j2)(At^(jU2 





"j2j2" 




'3231 




'3231' 


Xa(0)(q) 






3232 


a{p){n) 


3232 




J2J2. 








J231. 





'3231' 




'3231 




"J2J2' 


Xa(m)(n) 


3232 


«(m)(£) 


hh 


«(o)W 






.3-231 . 




Jl32_ 




.J2J2. 



Again identity (A. 13) has been used in above calculations. A correspond- 
ing useful identity for six-point duality matrices is : 





' 3i3i 




'3132 


T^iKC3l32)y{\X3233)ya(^o)(g) 


3232 


a{p){q) 


3ih 


il) 


J3J3. 




.3233 _ 



where r = ±1, s — ±1. 

For mirror reflected links, the invaraints are obtained by conjugation. 

Notice for g = 1 (that is, /c ^ 00 ), every one of these invariants reduces 
to the product of the ordinary dimensions of the representations placed on 
the two component knots, Vj^j^{q = 1) = (2ji + l)(2j2 + !)• 



3231 
3ih 

3332 
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Figure Captions 

Fig.l. Two ways of combining four spins into singlets 
Fig. 2. Two ways of combining 2m spins into singlets 
Fig. 3. Duality transformation of 6-point correlators 
Fig.4. Duality transformation of 8-point correlators 
Fig. 5. Examples of coloured-oriented braids 
Fig. 6. An oriented-coloured n- braid ( ' ' ' 

Fig. 7. Identity braids / ( % '^^ ' ' ' % ) and braid generators 

Vl ^2 ■ ■ X 

Fig. 8. Relations among braid generators 
Fig. 9. Platting of a coloured-oriented braid 
Fig. 10. Closure of a coloured-oriented braid 

Fig.ll. An indentity braid in a three manifold with boundaries X^^^^ and 

E^^\ each an 

Fig.l2. Braid generators introduce (a) right-handed half-twists in 

parallely oriented strands and (b) left-handed half- twists in anti-parallel 
strands 
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Fig. 13. A three-manifold containing an arbitrary coloured oriented 2m-baid 
B 

Fig. 14. Three-balls containing m Wilson lines 

Fig. 15. m-braid;B^ extended to 2m-braid Bm 

Fig. 16. (a) Borromean rings and (b) a plat representation for it 

Fig.17. Consistency conditions on \f^\jij2) and aji 

Fig. 18. A cycle of five duahty transformations 

Fig. 19. Plat representations for knots upto eight crossing number 

Fig. 20. Plat representation for two-component links upto seven crossing 
number. 
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